Abstract. -Edge states on a finite width graphene ribbon in a magnetic field are studied in the framework of low-energy effective theory that takes into account the possibility of quantum Hall ferromagnetism (QHF) gaps and dynamically generated Dirac-like masses. It is shown that the spectrum contains gapless edge states if and only if the QHF order parameters dominate over the mass gaps on the lowest Landau level. Implications of this feature for the interpretation of recent experiments are discussed.
Introduction. -Graphene is a remarkable system with many unusual properties that was created for the first time only a few years ago [1] . (For reviews on graphene see, for example, Refs. [2] [3] [4] [5] .) One of such properties is an unconventional quantum Hall effect (QHE). Instead of the integer QHE, expected in the case of a 2-dimensional gas of non-relativistic electrons, an anomalous half-integer quantization is observed [6, 7] . The observation appears to be in perfect agreement with the theoretical predictions [8] [9] [10] , stating that the QHE plateaus should occur at filling factors ν = ±4(|n| + 1/2) where n is an integer. The unconventional quantization is a direct outcome of the relativistic-like nature of the low-energy quasiparticles in graphene, described by a Dirac theory with an internal U (4) symmetry [11, 12] .
It is the U (4) symmetry, operating in the spin and sublattice-valley spaces, that is responsible for the 4-fold degeneracy of the Landau energy levels and the overall factor 4 in the filling factors of the observed plateaus, ν = ±4(|n| + 1/2). Strictly speaking, the U (4) symmetry is not exact, but broken down to a smaller U (2) + × U (2) − symmetry group by the Zeeman energy. This symmetry operates in the sublattice-valley space and does not mix spin-up (s = +) and spin-down (s = −) states. When the (a) On leave from Bogolyubov Institute for Theoretical Physics, 03680, Kiev, Ukraine (b) On leave from Bogolyubov Institute for Theoretical Physics, 03680, Kiev, Ukraine magnetic field is not too strong, a relatively small Zeeman term does not affect the observable QHE in a qualitative way.
When the magnetic field is sufficiently strong however, the appearance of additional QHE plateaus, ν = 0, ±1, ±4, is observed [13] [14] [15] [16] . This suggests that the 4-fold degeneracy of the Landau levels is lifted. The new plateaus may be explained, for example, by one of the following seemingly different theoretical scenarios: (i) quantum Hall ferromagnetism (QHF) that uses order parameters which are densities of the conserved charges connected with three diagonal generators of the non-abelian subgroup SU (4) ⊂ U (4) [17] [18] [19] [20] [21] (the dynamics of a Zeeman spin splitting enhancement considered in Ref. [22] is intimately connected with the QHF), and (ii) magnetic catalysis (MC) that invokes electron-hole pairing and excitonic condensates to produce dynamically generated Dirac-like masses in the low-energy theory [23] [24] [25] [26] [27] [28] [29] .
the Zeeman term, but they are singlets under the nonabelian subgroups SU (2) s ⊂ U (2) s . Since these singlet order parameters break no exact symmetries of the action, they are not the order parameters in the strict sense. Yet, because of a relative smallness of the "bare" Zeeman term and a significant dynamical part in µ s and ∆ s , it is appropriate to talk about approximate spontaneous symmetry breaking.
The order parameters of the other type (μ s and∆ s ) in Ref. [30] are triplets under SU (2) s ⊂ U (2) s . When either µ s or∆ s has a vacuum expectation value, the symmetry SU (2) s is reduced down to U (1) s in the ground state.
In the Hartree-Fock approximation, the analysis of the direct (Hartree) and exchange correlations in Ref. [30] predicts a very rich Dirac structure of the quasiparticle propagator. In the most general case, the quadratic part of the effective Hamiltonian for quasiparticles of spin s takes the following form:
where, for convenience of the analysis of the edge states, the chiral representation of the Dirac matrices is assumed here (see, for example, Ref. [5] ),
The free part of the Hamiltonian readŝ
where v F ≃ 10 6 m/s is the Fermi velocity. By definition, α i = γ 0 γ i and the canonical momentum is π i = −i ∂ i + eA i /c. Here we assume that the vector potential is taken in the Landau gauge: A x = −By and A y = 0, where B is the magnitude of a constant magnetic field orthogonal to the plane of graphene.
The associated four-component spinor of quasiparticles is defined in terms of the wave functions at two inequivalent Dirac points and at two different sublattices:
For brevity of notation, the spin index is omitted here and below. By making use of the explicit form of the spinor, we find the following correspondence between the four types of order parameters and the electron densities:
where the n KA , n K ′ A , n KB and n K ′ B are the densities of particles at specified Dirac points and sublattices. Note that in this representation∆ is the usual Dirac mass that describes the density imbalance between the A and B sublattices (i.e., a charge density wave as interpreted in Refs. [24, [26] [27] [28] [29] ). Similarly, the other tripletμ describes the density imbalance between the two Dirac points. Finally, µ is related to the total density of electrons with a given spin, and ∆ is a Dirac mass parameter that is odd under time reversal symmetry [12] . (Let us emphasize that, in the presence of an external magnetic field, the time-reversal symmetry is broken and a state with the vanishing ∆ is not protected by any symmetry.)
Landau levels and edge states. -The study of edge states is of general interest because such states provide a deeper insight into the quantum Hall effect [31] . Currently there exist many studies of edge states in graphene-like systems [10, 22, [32] [33] [34] [35] [36] [37] . In Ref. [22] the edge states were analyzed in the presence of an external magnetic field, and it was found that gapless modes of edge states might exist in the spectrum and play an important role in charge transport of graphene near the Dirac neutral point. The gapless modes were shown to appear when the lowest Landau level (LLL) was split by a spin gap, or in other words, by enhanced Zeeman splitting. Such gapless states were absent, though, in the case of a Dirac mass gap [15, 22] .
While the presence of the gapless edge states should make graphene a so-called quantum Hall metal, their absence should make it an insulator [15, 22] . The actual temperature dependence of the longitudinal resistivity at the ν = 0 plateau in Refs. [13, 15] is consistent with the metal type. Thus, it was argued that the origin of the ν = 0 plateau is connected with the enhanced spin (ferromagnetic) splitting of the LLL [15, 22] .
The conclusion of Ref. [15, 22] regarding the origin of the ν = 0 plateau does not appear to be universal however. The recent data from Ref. [16] reveal a clear plateau at ν = 0, but the temperature dependence of the diagonal component of the resistivity signals a crossover to an insulating state in high fields. This does not seem to support the existence of gapless edge states. So, one may ask whether there is indeed a Dirac-type mass gap and no spin gap in the device studied in Ref. [16] ? As we shall see, the actual situation may be somewhat more complicated.
Here we take the position that both ferromagnetic and mass type gaps coexist in general. While the relative magnitude of different gaps is not addressed in this study, it should be clear that in an actual device it is determined by (i) the strength of the magnetic field, (ii) the temperature, and (ii) other sample-specific parameters (e.g., the mobility of carriers, the size and geometry, the type of the substrate etc.). In practice, we analyze the spectrum of edge states in the model described by the model Hamiltonian in Eq. (1) which corresponds to the multi-parameter variational ansatz proposed in Ref. [30] .
When written in components, the Dirac equation takes p-2 Edge states in graphene in magnetic field etc. the following form:
Here the shorthand notations µ (±) ≡ µ ±μ and ∆ (±) ≡ ∆ ±∆ were introduced. In each of the two sets of equations, the B-components of the wave function can be eliminated,
By taking these into account, we derive the equations for the A-components,
where
is the magnetic length, and ǫ 0 ≡ 2 v 2 F |eB|/c is the Landau energy scale.
In the Landau gauge A = (−By, 0), the wave functions are plane waves in the x-direction. Thus, we write
The envelope functions u ± (y, k) and v ± (y, k) depend only on a single combination of the variables, ξ = y/l − kl, and satisfy the following equations:
Note that the wavevector k determines the center of the electron orbital along the y-direction, y k = kl 2 . Then, as we shall see below, for a system with a ribbon geometry, e.g., 0 ≤ y ≤ W , the condition of finite energy will be satisfied only for eigenstates with wavevectors k in a finite range, 0 k W/l 2 . This is known as the positionwavevector duality in the Landau gauge.
The general solution to Eqs. (17) and (18) is given in terms of the parabolic cylinder (Weber) functions U (a, z) and V (a, z) [38] ,
In an infinite system, the normalizable wave functions contain only the parabolic cylinder U -functions which are bound at z → ±∞ provided a = −n − 1/2 and n is a nonnegative integer. In fact, the following relation is valid:
, where H n (z) are Hermite polynomials. In this case, the spectrum is determined by λ (bulk) ± = n with n = 0, 1, 2, . . .. In the case of a graphene ribbon of a finite width in the y-direction, 0 ≤ y ≤ W , and a zigzag edge parallel to the x-direction, see Fig. 1 , the A-and B-components of wave functions should vanish on the opposite edges [22, 36] , i.e.,
In principle, by satisfying these equations and using the wave function normalization conditions, we can determine all four integration constants in Eqs. (19)- (22) . For our purposes here, however, it suffices to determine the conditions when non-trivial, normalizable solutions exist. These will provide the dispersion spectra of all modes in a ribbon of graphene.
Numerical results. -Let us start from the boundary conditions at the Dirac point K, see (23) and (24) . They take the following explicit form:
where k 0 ≡ W/l 2 is determined by the width of the ribbon. A nontrivial solution to this set of equations exists when
Similar condition is derived at the Dirac point K ′ ,
By solving Eqs. (27) and (28) numerically, we determine the dependence of dimensionless energy parameters λ + and λ − on wavevector k. The results for two different widths, W = 5l and W = 10l, of graphene ribbons are shown in Fig. 2 . When the width of the ribbon is less than about 3 or 4 times the magnetic length, we find that the spectra have little overlap with the usual bulk spectra, i.e., λ (bulk) ± = n where n is a non-negative integer. Additionally, the separation between the nearest levels quickly increases with decreasing W . For example, in the case of W = l, the separation between the lowest two values of λ ± is about an order of magnitude larger than in the bulk.
For the case W = 5l, shown in the left panel of Fig. 2 , only the lowest level may have a hint at the middle plateau developing. However, when the ribbon's width is larger than about 6 or 7 times the magnetic length, nearly flat plateaus are already distinguishable in the lowest levels around the central wavevector 1 2 k 0 . We also find that the lower the level, the wider the plateau is formed. For example, in the case of W = 10l, about 8 or 9 lowest levels reveal clear plateaus, and the lowest of them in the middle are essentially indistinguishable from the levels that would appear in an infinite graphene sample, see the right panel in Fig. 2 .
In passing, let us also emphasize the following special feature of the spectrum in a graphene ribbon with zigzag boundaries. As we see from Fig. 2 , for λ + ≃ 0 (actually, E ≃ −µ (+) +∆ (−) ) and for λ − ≃ 0 (actually, E ≃ −µ (−) + ∆ (+) ), dispersionless surface solutions [22, 33, 36] exist at both Dirac points K and K ′ . These solutions are bound to the k ≃ 0 and k ≃ k 0 edges for K and K ′ points, respectively. Now, by restoring the spin index, we assemble the complete spectrum of a graphene ribbon described by Hamiltonian (1) with dynamical order parameters proposed in Ref. [30] ,
Notice that there exist eight sublevels that correspond to the lowest Landau level. Only half of these correspond to the "bulk" states that remain normalizable in an infinite graphene plane. The other half have wave functions localized only at the edges. By making use of the numerical results for λ + and λ − , we can plot the actual energy spectra in the system. For the ribbons of widths W = 5l and W = 10l, these are presented in Figs. 3 and 4 . Here the choice of the order parameters resemble those of the first solution in Eq. (8) in Ref. [30] corresponding to the Dirac neutral point, i.e., the ν = 0 plateau. This solution has non-zero ∆ ± and µ ± , and is energetically most favorable in the region of small electron chemical potentials. However, in order to lift the degeneracy of all sublevels, we also added small non-zero values ofμ ± .
By considering different relative strengths of ferromagnetic and mass gaps in Figs. 3 and 4 , we see that there exist gapless edge states (whose energy vanishes at certain values of k) only when the ferromagnetic gap dominates over the mass gap, i.e., |µ
The values of wavevectors that give gapless modes are marked by the dots in the spectra in Fig. 3 . As is seen from the analytical expressions for the energy levels, Eqs. (29) and (30) , the necessary and sufficient condition for the existence of such modes is that at least one of the inequalities |µ
s | is satisfied for at least one spin choice s = ±.
Discussion. -In this Letter we studied the edge states in a finite width graphene ribbon in a magnetic field. Because of considering the zigzag type boundary conditions along the edges, dispersionless surface states are present in the spectrum of edge states. The existence of such surface states is a single qualitative property that is not expected in the case of armchair boundary conditions [22, 36] . All other qualitative features are the same.
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Edge states in graphene in magnetic field etc. Our analysis is done for the case of a rather general setup that incorporates the possibility of dynamically induced ferromagnetic and mass gaps, see Hamiltonian in Eq. (1). Among our main results is the criterion for the existence of gapless modes among the edge states. Such modes exist when ferromagnetic type gap dominates over the mass gap, or formally when any of the conditions |µ
s | are satisfied for at least one spin choice s = ±. This is consistent with the two limiting cases, analyzed in Ref. [22] .
One of the most interesting findings here is in the possibility of resolving the seemingly contradicting interpretations of the ν = 0 plateau in terms of either quantum Hall metal or insulator [15, 16] . As was pointed in Ref. [30] , the condition |µ
s | implies the existence of a critical value of the transverse magnetic field, which determines a threshold for creating gapless edge states and therefore controls the switch of the two regimes.
Other results of our study include general observations regarding the dependence of the energy levels on the width of the ribbon. As expected, the separation between the energy levels is increasing with the decreasing ribbon width. Also, the energy levels in the middle of the ribbon gradually approach those of an infinite system. Moreover, the lower the level, the better agreement with the bulk is seen.
Because of the use of the Dirac-type low-energy theory for the description of a graphene ribbon, the discretization effects may be an issue in our study. In general, of course, the approach of the low-energy theory should be reliable when the width W is much larger than the lattice constant a ≈ 2.46Å. In practice, though, it may be sufficient to have W larger than a few dozen nanometers. In terms of the magnetic field length, the two representative cases, W = 5l and W = 10l, might fall in the range of validity even for the strongest fields used for graphene studies in laboratories, B 40 T. Indeed, the corresponding magnetic length is l 4 nm, and the shorter of the two width, W = 5l 20 nm, might be just about large enough when the discretization effects become negligible. * * *
